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Abstract 
For n --= 1, 5 (mod 6) it is shown that the dihedral group of order 4n admits a pair of orthogonal 
orthomorphisms. 
1. Introduction 
Let G be a finite group with identity element e. An orthomorphism of G is a 
permutation q5 of  the elements of  G such that the mapping x H x - I~(x)  is also a 
permutation of  the elements of  G. I f  q5 is an orthomorphism and q~(e) = a for some 
a c G with a ¢ e, then it is easy to check that the mapping q5 ~ on G defined by qS'(x) = 
(9(x)a -1 is an orthomorphism of G with ~(e)  = e. Thus, for an orthomorphism q5 of 
G we may assume that ~b(e) = e. 
A related idea is that of a complete mappin9 of G. This is a permutation 0 of the 
elements of G such that the mapping x ~ xO(x) is also a permutation of  the elements 
of G. It can be verified that q5 is an orthomorphism of G if and only if the mapping 
x ~-+ x- lc~(x) is a complete mapping of G. Because of the connection between the two 
ideas, many of the results regarding orthomorphisms of groups are couched in terms 
of complete mappings, in particular in the important papers [14,9]. 
Two orthomorphisms 41 and ~be of G are orthogonal if the mapping x 
(qSl(X))-lq52(X) is a permutation of the elements of G. The size of  a largest set of 
pairwise orthogonal orthomorphisms of G will be denoted by ~o(G). If G admits no 
orthomorphisms then we write ~o(G) = 0. A set of  r pairwise orthogonal orthomor- 
phisms of G can be used to construct r + 1 mutually orthogonal latin squares based 
on G. For details of  this construction see [1] and [6]. Included in [2], [3] and [7] are 
sets of  five mutually orthogonal latin squares of order 12 found by means of computer 
searches for orthomorphisms of C2 x C6. For results on the existence of orthomorphisms 
of groups and their applications ee [8]. 
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2. Dihedral groups 
The dihedral group D2n of order 2n can be presented in the form 
D2n = (a, b :a  ~ = e, b 2 = (ab) 2 = e), 
where e is the identity element. The elements of D2n are then e,a  . . . . .  a n- l  together 
with b, ab . . . .  , an - lb .  Also we have ba i = a - ib  for all integers i. 
In [8, Problem 38] asks what can be said about co(D2n). Before considering this we 
review some of the known results for dihedral groups. In [12,13], it is shown that any 
group of order 4m + 2 cannot admit an orthomorphism. This result is also a corollary 
of a more general result in [9]. It follows that co(D2n) = 0 when n is odd. Thus, in 
looking for sets of pairwise orthogonal orthomorphisms of D2, we need only consider 
the case when n is even. Using some of the results of [9] we have co(D2n)/> 1 when 
n is even. This result is also a consequence of the results in [11] which, for even n, 
can be used to construct an orthomorphism of D2, in which all of  the non-identity 
elements lie in the same cycle. Some results are known for small dihedral groups: it is 
easy to verify that co(D4) = 2, both [4, 10] give co(D8) = 1 and [5] gives cO(Dl2) = 2. 
In this paper we consider the general case of the dihedral group of order 4n. In 
particular, we have the following result. 
Theorem 2.1. f fco(Z~)/> 2, then co(D4n ) >/2. 
x a 2i 
~b2(x ) a 2q~l(i) 
~b~(x) a 2¢~(i) 
where 0~<i~<n-  1. 
Proof. Since O~(7/n) 1> 2, there are at least two orthogonal orthomorphisms of 7/n. Let 
~bj and ~b] be orthogonal orthomorphisms ofT/n. Define ~b2, qS~: D4n -~ D4n as follows: 
a2i+l a2i b a2i + 1 b 
a2~t(i) b a2(O~(i)+l b a2~br(i)+l 
a2qS~(i)+l b a2~b'~(i)+l a2~b'~(i)b 
We now verify that q52 and qS~ are orthogonal orthomorphisms of D2n. Since ~bl 
and ~b~ are permutations of the elements of 77n, it is easy to check that q52 and ~b~ are 
permutations of the elements of D4n. 
For ~b2 we have 
X a 2i a2i+ 1 a2ib a2i+ l b 
x-1 ~b2(x) a-2i  a24,( i ) a -2 i - l  a24>j(i) b a2iba2(~,(i)+l b a2i+l ba2(~,(i)+l 
= a2((~(i) - i )  = a2(¢t( i ) - i ) - lb  = a-2(6~(i)- i) - l  = a -2 (~( i ) - i )b  
For ~b~ we have 
X a 2i 
x-  1 q}12(x) a2(4't(i) - i  ) 
a2i+ 1 a2i b a2i+ l b 
a-2i- la24/~(i)+lb a2iba20'di)+l a2i+lba24>~(i)b 
=_ a2(~'di)-i)b = a-2(~'~(i)- i)- I  b =. a-2((o'~(i)-i)+l 
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Finally, for ~b2 and qb~ we have 
x a 2i a 2i+1 
(q~ 2(X) ) -  I q~12(X) a-20~(i)a2d)',(i) a24),()ba24),(i)+lb 
a2(~'~(i)-4)~(i)) == a-2(o'~(i)-4)~(i)) - I  
x aZib a 2~+1 b
• ! . . . 
(~ 2(X) ) -  I q~t2(X) a24),(')+lba24~,l')+l a-24)1( ) -  I a24~,0) b 
: a-2(~'~(i)-4,,(i))b : a2(O'~(i)-O~(i)l-lb 
Thus, since ~b 1 and qStl are orthogonal orthomorphisms of 7/~, it follows that th2 and 
4, 2 are orthogonal orthomorphisms of D4~. Hence o)(D2~) >/2. 
Note. Theorem 2.1 is relevant only when n is odd, since co(Zn) = 0 for even 
values of n. 
Corollary 2.2. I fn  -- 1,5(mod6),  then o)(D4n) >/ 2. 
Proof. Let q51, q5~1 : 7/n ~ 7/, be the mappings defined by ~bl(X ) = 2x and qVt(x ) = 
3x. Since n - 1,5 (mod 6) it follows that 2 and 3 are invertible elements of  7/n under 
multiplication and so q51 and qS' I are permutations of  the elements of 7/,. Also (h l (x ) -x  
= x, qStl(X) -x  = 2x and qb~l(x) - qSl(x) = x. Thus, the mappings x ~ qSl(x) -x ,  x ~-+ 
qS~t(x) - x and x ~ qS~l(X) - q~l(x) are all permutations of 7/n. Hence, 4)1 and qS~t are 
orthogonal orthomorphisms of Zn, and the result follows from Theorem 2.1. [] 
The results of [15] can be used to show that ~o(215) ~> 3, ~o(7/21) >~ 3, (0(7/33) ~ 2 
and 09(7/39)/> 2, the details of  which are given in [8]. These are the only values of 
n ~ 1,5(mod6) for which it is known that ~o(7/n) t> 2. Thus, using Theorem 2.1. we 
have the following result. 
Corollary 2.3. For n = 15, 21, 33 and 39, (o(D4n) ~> 2. 
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